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Abstract The project aims at increasing the research and academic prospects of Slovak
University of Technology in Bratislava, Slovakia (STUBA) and at initiating
the evolution of STUBA into a modern, reputed excellent institution that
performs high-quality research in advanced automatic control, educates top-
quality scholars and industrial practitioners, and is successful in active
dissemination and exploitation of its research and innovation efforts. For this
purpose, STUBA teams up with two renowned research groups in automatic
control from RU Bochum, Germany (RUB) and Pisa University, Italy
(UNIPI). The specific goals of the action are to reinforce the collaboration
with the two research groups from Western Europe, to intensify research in
advanced automatic control, to open up new collaboration channels through
academic and industrial networking, to train excellent young/senior
researchers and project managers, and to effectively disseminate and exploit
the research results of STUBA. The unique features of the project are: -
Adoption/amendment of internal research project-related rules and
procedures and develop project management toolbox, - Research efforts
aiming at the continued creation of high-quality research results and software
tools, - Establishment of a series of guest scientific and academic lectures, -
Exchanges and training of project managers and research (junior and senior)
personnel, - Organisation of conferences and invited sessions, seminars with
industry, and annual summer schools, - Preparation and implementation of a
new PhD curriculum at STUBA, - Establishment of an academic-industrial
research and innovation cluster.
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Embedded systems in automation and control.
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This report summarizes the software development efforts of the project FrontSeat. The
developments were focused on predictive control software. Multi-Parametric Toolbox Plus
(MPT+) is an open-source extension to the MATLAB-based Multi-Parametric Toolbox (MPT)
aimed for the design, analysis, and deployment of Model Predictive Control (MPC) policies. It
extends the MPT into new complexity reduction techniques of explicit Model Predictive
Control (eMPC) strategies and tube-based MPC designs. It can be downloaded from its GitHub
page or comfortably managed (install, update, uninstall) using the tbxManager. During its two
years of development, MPT+ has already achieved 89 downloads, 2 publications (peer-
reviewed scientific papers indexed in Web of Science and Scopus databases), 4 update releases,
and 4 technical presentations (including 2 lectures delivered to the world-wide audience at the
scientific conferences organized under IEEE).
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Model Predictive Control (MPC) is a sophisticated control strategy widely utilized in both
academia and industry. Its popularity stems from its robustness and versatility, allowing for the
incorporation of physical, economic, and environmental constraints directly into the
optimization problem. MPC can predict system behaviour over a finite time horizon, enhancing
performance and maximizing production efficiency. However, these benefits come with
challenges, particularly in the implementation of MPC policies. In industrial applications, MPC
requires multiple stages of development, verification, and validation before deployment. Given
the time and complexity involved, there is a significant demand for advanced software
toolboxes to facilitate rapid prototyping and analysis.

Multi-Parametric Toolbox Plus (or shortly MPT+) is an open-source MATLAB-based toolbox
for the design, analysis, and deployment of optimal controllers, such as MPC policies, for
constrained linear systems. MPT+ is a direct extension of the well-established Multi-Parametric
Toolbox (MPT), which has garnered over 35,000 downloads and more than 1,300 citations
worldwide over two decades since releasing the MPT3.

MPT+ focuses on integrating new, cutting-edge control approaches in MPC design that are
currently being explored by research groups globally. The MPT+ toolbox is easily accessible
via its dedicated GitHub page and can be installed manually or through the MATLAB-based
tbxManager, which simplifies the process with straightforward commands to install, update, or
uninstall the toolbox. MPT+ introduces novel methods for formulating MPC policies, with
particular emphasis on low-complexity explicit Model Predictive Control (eMPC) and tube-
based MPC designs. The following sections describe each approach in detail.

To ensure theoretical guarantees of optimality and stability, the MPC optimization problem
must be solved within the duration of a single sampling period. This task is challenging,
especially on typical industrial hardware with limited computational resources. The
conventional eMPC implementation has two phases: construction of the eMPC controller
(offline phase), and (ii) real-time evaluation of control actions (online phase). Therefore, eMPC
offers a solution by precomputing the MPC control law offline for all possible initial conditions,
resulting in a piecewise affine (PWA) control law. Each piece of the PWA feedback law is
defined over a specific domain, known as a critical region. In the online phase, obtaining the
control action is reduced to a simple function evaluation, making it feasible even on low-end
industrial hardware (solving the point location problem/exploring the look-up table). However,
even for small to moderate-sized problems, eMPC can become overly complex due to the large
number of PWA critical regions. This complexity can lead to a significant memory footprint,
which may hinder the implementation of the predictive controller. To address this issue,
complexity reduction techniques are employed to decrease the number of affine pieces and
regions. These techniques can be generally categorized into those that do not introduce
suboptimality into the evaluation of optimal control action and those that do.
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The MPT+ toolbox incorporates three approaches from each category to effectively manage
complexity of constructed eMPC policies. Specifically, MPT+ has integrated features of the
LowCom package presented in (1) and extended it by the polynomial approximation method
presented in (2).

Let us assume that eMPC policy was constructed in the MPT framework as follows:

| eMPC = MPCController (model,N) .toExplicit () |

where N is the prediction horizon and model denote MPT object with information about the
prediction model, constraints, and penalizations. For more information on how to construct
eMPC readers are referred to the official MPT web site or to the MPT+ web site, where one
can find also all examples of this low-complexity explicit MPC package.

To reduce complexity of eMPC policies without inducing suboptimality, i.e., without
sacrificing any control performance, MPT+ allows users to use one of three reduction
techniques.

This method is based on merging critical regions that share the same expression of the closed-
loop feedback law and whose union is convex. The method is described in more detail in (3).
The optimal-region-merging technique can be applied using the simplify function:

| eMPCsimple = eMPC.simplify('orm') |

This returns a new, simplified explicit controller object that performs the same way as the
original eMPC. The corresponding simplified polytopic partition can be analysed by plotting
analogously to the original explicit MPC:

| eMPCsimple.partition.plot () |

The clipping-based method exploits the continuity of the explicit MPC feedback law to remove
critical regions where the control action is saturated at a minimal or maximal value. The space
covered by such saturated regions is replaced by extensions of the unsaturated critical regions,
followed by straightforward applying a clipping filter. The technique is detailed in (4). This
complexity reduction can be achieved by:

| eMPCsimple = eMPC.simplify('clipping') |

The separation-based technique exploits the saturation properties of continuous explicit MPC
feedback laws. Unlike the clipping method, the saturated regions are removed, and only the
unsaturated critical regions are retained. A separation function is then devised to uniquely
determine the optimal control input for initial conditions not contained within the retained part
of the explicit solution. This complexity reduction is described in (5) and can be invoked using:

| eMPCsimple = eMPC.simplify('separation') |
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To reduce the complexity of eMPC policies while inducing suboptimality, i.e., sacrificing some
control performance, MPT+ provides three reduction techniques. To analyse the performance
loss, the average and worst-case performance degradation of the simplified controller
eMPCsimple can be compared to the optimal one eMPC using:

|[mean_perfor,worst_perfor] = eMPC.comparePerformance (eMPCsimple) |

The derivation of such simplified controllers eMPCsimple is described in the following
subsections.

The two-step fitting procedure was suggested in (6). First, a simpler partition composed of
fewer critical regions is designed by solving the MPC problem for a shorter prediction horizon.
The parameters of the simpler feedback are then optimized to minimize the suboptimality,
represented by the integrated squared error between the original and simpler feedback. This
complexity reduction scheme is available via:

|eMPCsimple = eMPC.simplify('fitting")

This strategy, introduced in (7), reduces complexity by solving a simpler cost function. Here, a
minimum-time problem is solved, where the objective is to minimize the arrival time to a specified
terminal set. The controller can be simplified using:

|eMPCsimple = EMinTimeController (model)

A polynomial approximation is constructed for the piecewise affine (PWA) control law determined by
solving the explicit MPC with a linear (1-norm or inf-norm) cost function as per (8). The approximated
polynomial controller can be simplified, evaluated, and plotted using:

|eMPCsimple = PolynomialMPC (eMPC)

As the code for the polynomial approximation of the MPC policy is distributed within an open-
source framework for the first time, we provide an illustrative case study. In the first step, the
standard implicit MPC policy iMPC is constructed and subsequently converted into its explicit
form eMPC. Then, the eMPC policy is approximated by a polynomial control law with a default
degree of three, yielding the object polyMPC. Figure 1, to visually analyse the suboptimality,
both the optimal eMPC (blue dashed line) and the approximated polynomial feedback law (red
dashed line) are plotted. The yellow area represents the feasible domain of control actions,
where recursive feasibility of the original constraints and asymptotic stability of the system are
guaranteed.

model = LTISystem('A', [1.2], 'B', [11);
model.u.min = [ -1 ];
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model.u.max = [ 1 1;

model.x.min -4 1;

model.x.max [ 4 ];

% Linear penalty functions
model.x.penalty = OneNormFunction (diag([
model.u.penalty = OneNormFunction (diag([
% Prediction horizon

N = 10;

% Construct MPC controller

iMPC = MPCController (model,N)

% Explicit MPC controller construction
eMPC = iMPC.toExplicit

% Polynomial Approximation

polyMPC = PolynomialMPC (eMPC)
polyMPC.plot

x0 = [ -2 ]; % Initial condition
u_approx = polyMPC.evaluate (x0)

Il
—

u optimal = eMPC.evaluate (x0)

Approximation order: 3

T T T T

08

06

02

contorl action
o
T

021

0.4

08

states

Figure 1: Polynomial approximation (red dashed line) of the eMPC policy (blue dashed line) with emphasized stabilizing
domain (yellow area).

Robust MPC design for linear time-invariant (LTI) systems is affected by parametric and/or
additive disturbances. Although MPT benefits from various advanced methods introduced in
(9), such as evaluating forward/backward robust invariant sets, evaluating worst-case scenario-
based robust (explicit) MPC design is often intractable and time-consuming. The complexity
of MPC controller design is determined by the number of decision variables and the length of
the prediction horizon, hence limiting robust MPC design to systems of modest complexity.
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The main benefit of implementing Tube MPC is that it designs robust MPC in a computationally
tractable way mimicking nominal (non-robust) MPC design. In this approach, the control action
consists of a sequence of nominal inputs that are executed in the nominal model, and the
uncertainties are eliminated by a perturbation feedback law.

Recent version of MPT+ toolbox distinguishes two types of the tube MPC policies:

e Rigid Tube MPC policy,
e Implicit Tube MPC policy.

In what follows, both approaches are introduced as well as their implementation within the
MPT+ framework.

The basic principle of the rigid tube MPC has two main parts. First a stabilizing simple
controller is constructed that can stabilize the system around the origin. Next a tube is
constructed such that it denotes the minimal set of all states where the simple precomputed
controller can keep all future states within this tube even if any uncertainty and/or disturbance
will impact the controlled system. In the control theory, this tube is also referred to as a
minimal robust positive-invariant set.  Finally, with all ingredients in hand, the original robust
MPC design problem can be reformulated as a simpler problem utilizing nominal MPC that is
easier to solve. It should be noted that the main drawback of this approach is that the tube is
difficult to construct for higher dimensional systems.

MPT+ enables, by default, the rigid tube MPC design according to (10), where the tube is
constructed based on (11). By assuming that we have defined the MPC policy in MPT
framework and stored it as model, then the rigid tube based MPC policy can be derived by the
command

| iMPC = TMPCController (model, N, option) |
where N denotes the prediction horizon and option represents user defined options that can
further tune the resulting tube MPC stored as an object iMPC. Subsequently one can perform
closed-loop simulations from the initial point x0 and with Nsim steps via a simple command

| ClosedLoopData = iMPC.simulate (x0,Nsim) |
The closed loop data can be visualized, see Figure 2, to easily analyse performance of the
constructed MPC.
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Closed-loop Tube MPC
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Figure 2: Visualize closed-loop performance of a rigid tube MPC initialized from state [-5, -2]. The dashed line represents
uncertain states of the controlled system, dotted line denotes nominal states of the optimization problem, red objects are tubes
at respective time step, and the blue object is the terminal set.

It should be emphasized that the final tube MPC object iMPC is compatible with the syntax of
other MPT classes used for conventional MPCs. For example, we can use an overloaded
function to create explicit tube MPC via typing

| eMPC = iMPC.toExplicit |
To evaluate the control action

iMPC.evaluate (x0)
eMPC.evaluate (x0)

or to make visual simulations

| eMPC.clicksim |
to name a few. For more information and case studies, readers can visit our dedicated rigid tube

web page.

Implicit tube MPC strategy differs from its rigid counterpart in the definition of the tube.
Specifically, here the tube is not constructed as a geometric object (geometric set), instead it is
implicitly defined as a set of constraints. Consequence of this formulation is twofold. Firstly,
such implicit tube enables the tube MPC policy to be defined also for larger systems, i.e.,
scalability with the state dimension is improved (significantly increased). On the other hand,
the implicit formulation introduces additional optimization variables (and associated
constraints) into the optimization problem to be solved, i.e., complexity of the resulting tube
MPC policy is more complex. For this reason, if we want to construct tube MPC policy for a
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small dimensional system, then the rigid approach is more convenient. However, if we aim for
a higher dimensional system, then the implicit approach should be applied.

MPT+ enables the implicit tube MPC design according to (12). By assuming that we have
defined the MPC policy in MPT framework and stored it as model, then the implicit tube based
MPC policy can be derived with the same command as the rigid tube based MPC however with
the specified optional parameter TubeType to be set to implicit as follows

option = {'TubeType', 'implicit'}

iMPC = TMPCController (model, N, option)

where N denotes the prediction horizon and option represents user defined options that can
further tune the resulting tube MPC stored as an object iMPC. Subsequently, one can also use
all inherited, or overloaded functions of MPT. Since both implicit and set-based tube MPC
designs provide the same control performance, their computational complexity just scales
differently with the problem size, hence by performing the same closed-loop simulation we
would get the same results as reported in Figure 2. For more information and case studies,
readers can visit our dedicated implicit tube web page.

This section summarizes relevant indicators of the software that were achieved within two years
of the MPT+ development. All achievements of the MPT+ are compactly listed in Table 1,
while sources and explanations to the presented numbers are provided next.

No. of technical
presentations

89 4 2 4
Table 1: List of MPT+ achievements

No. of downloads No. of releases No. publications

No. of downloads — The MPT+ toolbox is freely-available from its public repository located
at GitHub, and, simultaneously, provides the interface also for users of the user-friendly
tbxManager toolbox. The indicator of downloads can be access via GitHub link. It is
important to note that this number does not include cloning of the repository project, what is
preferred approach by advanced users of widely-used version control systems Git. Hence, it is
assumed, that MPT+ toolbox has a wider impact on the research, pedagogic, and/or industrial
community.

No. of releases — All releases are listed in the GitHub link, where they can be downloaded.
Users are informed about these releases, i.e., what was added, improved, or go  t fixed, via
our changelog that is also available in the dedicated GitHub page.

MPTplus R20230314
- introduced the Rigid Tube MPC design

MPTplus R20230331

- Introduced framework for the explicit Tube MPC design.

- Added the package for the design and verification of low-complexity
explicit MPC controllers in MPT3: LowCom.

- Introduced polynomial-based approximation of explicit control law.

- Enabled depicting of the indexed explicit partition for the general
explicit MPC controller.
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MPTplus R20230614
- Introduced the polynomial approximation of the explicit MPC
controllers towards the uncertain LTI systems.
MPTplus R20240424
- Introduced the implicit Tube MPC design enabling handling also the
large-scale uncertain LTI systems.
Table 2: List of releases

No. of publications — All publications (scientific papers) are available in Zenodo and are
listed as follows:

Tube MPC Extension of MPT: Experimental Analysis

Authors: Juraj Holaza, Katrin Kvasnicova, Erika Pavlovi¢ova, Juraj Oravec
Conference: Proceedings of the 24th International Conference on Process
Control, Slovakia, 2023

Indexed in scientific databases: Web of Science, Scopus

Zenodo views: 124

Zenodo downloads: 88

A software package for MPC design and tuning: MPT+

Authors: Juraj Holaza, Lenka Gal¢ikova, Juraj Oravec, Michal Kvasnica
Conference: 62nd IEEE Conference on Decision and Control (CDC),
Singapore, 2023

Indexed in scientific databases: Web of Science, Scopus

Zenodo views: 53

Zenodo downloads: 38

Table 3: List of publications

Except for the scientific papers, the extensive technical documentation is freely-available online
at the homepage of the MPT+ toolbox at GitHub to support the community of the users.

Moreover, the community of the users is continuously keeping in touch with the recent updates
and events promoting the dissemination and communication of the MPT+ toolbox using the
dedicated webpage of the MPT+ story at GitHub/story.

No. of technical presentations — In this indicator two types of presentations were carried out:
I.) Presentations for the involved research groups within the FrontSeat project and ii.)
conference presentations. The main difference between those types is that while the i.) aimed
to brainstorm new ideas and features that can be added to the MPT+, presentations of ii.)
targeted to introduce and inform new functionalities of this toolbox to a wide research audience.

Tube MPC Extension of MPT: Experimental Analysis

Speaker: Erika Pavlovi¢ova

Event: 24th International Conference on Process Control, Slovakia

Date: 7. June 2023

A software package for MPC design and tuning: MPT+

Speaker: Lenka Gal¢ikova

Event: 62nd IEEE Conference on Decision and Control (CDC), Singapore
Date: 14. December 2023

Tube MPC Extension of MPT

Speakers: Juraj Holaza and Juraj Oravec

Event: Research Seminar on Smart Cybernetics - organized in the framework
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of the FrontSeat project at STUBA
Date: 26 May 2023

Tube Model Predictive Control

Speaker: Lenka Galéikova

Event: Research Seminar on Smart Cybernetics - organized in the framework
of the FrontSeat project at STUBA

Date: 6 October 2023

Table 4: List of publications
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